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Abstract

A new method for fir]dilg  radiat.io]l  pattcrl,s  and the rcflcctiorl cxxfli-

cicnts a.swciatcd with an axisyrnrnctric  wavcg(iidc  fed }lor~l is prcscrltcd.

‘J’}w  a]))moacll  is l,asrxf 011 a hybrid fi]litc clcrnc]  lt rncthod  (1’14;M) w})crci!)

L}IC clcctrornagrmtic fields i]) tlic FI,M rcgio]j arc coupled tc) t}w f i e lds

outsi(ic  l~y two surface ir)tcgral  Cqu:itiolls.  IIcc:iuse of t}Ic l(Ical  rlature  of

t}lc l“l~;M, this formalism allows for I,}IC prc.scncc  of ir)}lorrlogcrlci  tics to t)c

included ir) the prohlc~n  cfornain.  ‘1’}](’ matrix m~uation  whic}l rcsul  Ls from

the a])~dicatior)  of t}lis rnrthod is shown to be cornI)lcx-syrr)  rllctric.  It is,

furthcr]norc,  diagonally cfornir]ant  and sparse. Cornpariscm  of calculated

rrrld rncasurcd  data for two difl’crcnt  horrls  show good agr ccrrmlt.

]. ]N’J’1{OI)UC’1’1ON

!I’lIc prohlcm  c)f finding radiation patterns and the reflection cocflicicrlfs of an
axisyrllrlmlctric  wavcguidc fcd }lor~l  is clearly important to dcsigllcrs  :LS t}lis kirld
of horn is used both  as an arkcnna  and as a feed. Although desigrl })rinciplcs  for
)nany of the s~)ccific horrls of t}lis type :UC well krlowm  for instance, a corrugated
horn [1 ,2], dielectric rod [3], and dielectric hor~l [4]- a tocj] with rrlorc  accurate
predictive powers is often nccdcd.  This is especially t,ruc for t}]osc ]wr]ls which
usc a combination of design rulrx such as t}Ic fcx:d horn shcrwrl in 1{’ig. 1. !l’his
}mn feature-s  a flange section, a dielectric surfac(!-wave  clcrncnt,  rrrld  is covcrcd
hy a radornc.

in t hc absence of irlhorr]ogcncit  ics, arl approach which can firld the cfcsi red
quantities W:LS dcvclopcd  by 1 -krthorr  and IIills [~] using t}le rncthod  of rrlo-
rrlcnts (MoM) irl corljuuction  with a sirlglc wavcgrridc  mode scrvin~, M the SOIC
excitation for the fields. ‘1’heir method, while yielding very accurate reflec-
tion coefficients a~ld radiation patterns, does not  apply  to hor rw with irl}lomo
g,crlcitics due to the fact t}lat  their integral equation kernels arc dr.xivcd  from free
—.—

● ’I’llis work was pcrforln(xf  at the Jet I’repulsion I,ab<,ratory, California  lrlst itrrtc of ‘Jkc}l-
nology  under a contract with the National Acrorrautiw  anrt Srxw AdnlirliStr~ti~n.

!{I>IIC ~utt,ors ~rc wilt, t},c .Jct l~rO~,Ul+On I,aboratorj,  Califor],ia  ]r,stitutc  of ‘1’cchr,o]ogy,

4MKJ  Oak Grove I)rivc, lbadcna, CA 91109.
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simcc (;rccr})s  furlctiolis. As is WC]] k]]ow~),  howcwr,  t,hc firlitc c]crrlcrlt rnct,hocl
(1’JOM) ca~I riddrcss problclns  wit}l irl}]orllog[!ncitics.  Conscql]c])tly, t h i s  ~mlmr
will prcscrlt  a l“lCM for~nulat,io~l w}lich  solves tllc problcrl]  of radiation from
axisyrnmctric  wavcguidc  fcd horns wit}) or witho~]t inhotrlogc~]citics  in-cscnt.

In this approach, the F’RM is coupled to bot}l the MnM and a Tnodal tcc}l-
niquc via surface integrals. The  FI?M region corltains  all I}lC irlhorrlogcncitics.
‘1’hc  11’13M/MoM boundary serves to cou~)lc the local 1“1’;M clcctrt)rnagnctic  fields
Lo the cxtcrr]al  radiated fields. g’his ty~w of l’llM/MoM coul]ling has hccn used
previously for scattering problcrns  [6,7]  arid it is on t.hc ~,articwlar  :qq)roac}l
givcrl in [7], the 1 lybrid  Syrnmctric  1(’initc IIlcrncrl(  Mcthocl (I ISI(’l;M), that this
prcscrlt  work is hascd.  The 1~12M/rnodal  boundary, orl the ot,l]cl harld, provides
a rllcarls  for wavcguidc n]odcs to cxcitc  t}lc local IJIJM fields thIIs transfor~rli~]g
L}IC Lcchr]iquc  frorl] onc that SOIVCS  scattcri~l~; I)rol)lcrns to OIIC  t]lat addresses ra-
diatim]  prohlcrrls, l’o]lowing [7, 8], wc ck:scrit]c,  irj Scctiorl  111, t}lis lTl~M/rnodal
cx)ul)]ing. ]t is noted that the ]J] ;M/mods)  hybridizatiorl  }Ias it’s roots in L}IC
wavcguidc discorltirmity  problcril [9, 10] wherein ~rlodcs  were used to rcprc.sent
the frclds i~l the uniform wavcgrridc  scctic)ns  while t}lc h’l~M W:LS USCC1  to rllodcl

the locally ani.sotropic  arid inhomogcncous  rcgioris.
14’irlally, lrl scctiorl IV, t,}w I,cc}lr)iquc  is a~)plicd to the }]orlls showrl irl l’igs.

3 arid 8. Conl~mrisons with rncasurcd  data arc rnadc.

]]. ]’lK)III,l;M ])l;SCILII’’I’1I3N

(;orlsidcr  t}lc g,crlcric ]]orn in 1(’ig. 1. As usual, the orig,irlal three ctirncrlsional
cl(:(:trorr]ap;rl(!tic  ~)rot)lcrrl may lx: rcduccd  to a series of uricou~)lcd  two ctirllcrl-
siollal problcrlls  by cxparlding  out the az, i)rluthal variable, ~~, irl :1 IPouricr  series.
l~ig. 2 t}wn slmws tllc ccrrnputat,ional  domain which must be solved for each
,azimutlla] harlnonic  of irltcrcxst.

Clearly, the rr]csh in I’ig. 2 has two disjoirit bcnlndarics,  S1 a)ld S’z. Consider
S 1. When revolved about the axis of rotation, the sur face gc])cratcd  by S,
ccrrnplctcly  cr)vc]opcs  the mesh. IL is on t}lis boun{lary that an ir)tcgral cquatior]
is app]icd  to COUI)IC the fields within the firlitc clcrncnt  region to t}lc cxtcrna]
rridiatior) fields. The ot}lcr trour)dary, S’z, consists  of two separate parts. OIIC
])art  Of thiS Surface, S2,4, is made pcrpcrldicular  t{) the z-axis and extends from
p=otop=a. The surface of rcvolut.ion  gcrlcratcd  by t})is lirlc scgrncnt
corrcsl)or]ds to a disk s~)anrlirlg  t}lc thro:it  of th( horrl arid it is on this mesh
bcmrld:iry  t}lat the firlitc clcrncnt  region is coupled to wavcguidc rllodcs. “1’hc
rcrnaindcr  of the surface, S21), is n)adc  COIlfOrIIlal  Lo bet,}) the irlsidc aric] outside
wills  of tl)c }mrI1. As a result, all n)ct:i] edges w}lic]l may corltrit)u[c  tc) diffraction
arc included ir) the finite clc~ncnt  rncdi.  Note t}l:it the L$~A surface is placed at
z -= (). ~’}lis  car] always bc done as t}lc {!(!ornctry  is t,ranslation:il]y  invariant in
the z direction.

Our subsequent discussion will bc corlccr]lcd  oIIly  wit}] the Fl;M/modal  cou-
p]ing via the .92A rncsh boundary.
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]1].  ]“OILMUIA’I’ION

‘1’}IC COUJ)]iIl~  Of  t}l(! W:LVC~UidC  TUOdCS h thC flllitC Ck!t[lCIlt  r(?~,iorl iS aCCOl[l-

plishcd  hy two weak-forml iutcgral  cquatimls  (111).  l’hcsc  two II; rrmst bc tested
properly in order to gcrlcratc  a symmetric systcm  ]uatrix.  IIcrlcc, iu t}iis section,
wc will state these two 1 I;, S11OW  the allljropr  iatc tmt Vectors, t.hcu show and
discus the rcsultrult  syst C]U.

q’hc first kcy weak- form 110 may hc obt airlcd by cor)jugatc  t cslirlg the clcct,ric
field wave cquatirrn  wit}) tllc set of firlitc c]crncnt basis  functions, denoted here
by w,

w ,  /.’EM fo) 2= 1,2, . .. fvp]4.M., (1)

As in [7,9], these lJltM t)asis furlcLions  arc chowm such t})at first order node
(edge) bad vector furlctirn)s  are used to expand t}lc @ (tr-ansvcrs<:  to +) dircctcd
field Cor[]poncnts.  “]’}Ic  rcsu]lirlg  ]13 is

/ /
-] (v x w*). (v x }’:)(W - kgtrw”  .1’: dv’

“ /(, L’

jwpo J w “  (r’1 x  }I)o’sl
s,

jwjlrj J w“ (i-l x  II)M2A =
?L 2A

w}lcrc t}lc electric mlcf magrlctic  fields, E and 11, arc
vaut  parl of t}lis cquatiori  is tl)c L!ZA  surfrrcc irllcl;ration
identified with Lhc h’ltM/wavcguidc  intcl face. 011 t}lis surfiace, wc expand the
rrmgrlclic  field as series of wavcguidc rlmdcs  (SCC Appendix),

o, (’2)

unklmw]ls. T h e  rclc-
lcr~n a< t}lis surface is

NW  C.

= ~  (a,, - I)p) lip
;).  1

(3)

which when subslilulccf  back into equation (2), cl{:arly couples firlitc c)crncnts  to
wavcguidc  ruodrs.  ‘J’his  cou~)ling,  however, is not yet complctc  a< t}w ~Jrccccdi~lg
suhstitutior]  cnforccs  only t}lc tanfgcrltial  rnagnct ic field Cc)rlt inuity  across SZ,4.
‘1’0 cornp]clc  t}lc couplil)g, t~)c corltinuily  of the clcclric  field across  .$’zA must bc
cnforccd:

(4)

When conjugate tested wilh armt,hcr  set  of vectors, u, this equation gives the
second kcy weak- forirr  equation:

/
U* . ]’;J’”F;M  d&A = 1 ‘WC d&A,u*  .14, (5)

9L 2A 5‘.2A
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l“irial]y,  t}m ri~l]l-haI]rt  sick cxcitatiol~ vcckrrsl a]; rrnd a“;, arc givcnl by

N w <:

a’j(i) : ‘)) aj)l ““’(ilj), (11)
j: 1

al]rl
a~’(i)  = - rl,K’’’’ (i, i). (12)

T}Ic5c vectors irlvc)lvc sumrnatio~ls  ovf.v the corr IJ)ICLC set 0[ wavcguirtc  tncrdcs
:r.s they rclmscllL  the cxcitaior) of a sir@c fklitc clcrncrlt.  by t}lc total forward
havclli]]p,  field in t,hc wavcguicic.

111 L}lis sccLioll,  wc will cmnlmrc nlcasurcd  arid sirnolalml  data for the two
}mrns  S} IOW))  ill l:igs. 3 ar)d 8.

‘1’tm lmrr]  s}1{Jw71  irl l’ig. 3 is rr lmw Cai~l A~lt~mna  (n; A) LO bc used aboard
the NASA/l 1’1, Mars l’athfindcr  spacccraf L. II radiates dolrlirla~]t  mode I{Cl’
rr~]d operates wiLh tralwlnit and rcccivc frcqucllcies  at 7.175 arid 8.425 (;IIY,
rcs~]cctivcly.  ~TIJC chok(>s arc used to null out aperture currcrlLs at t}lc two
opm-sting frcqucncics  t}lus ixlsuring radiation ill a balallccd  }lybricl mode: slnall
~xial ratio and low cross  polarization. Note t}w dielectric I)IW  i]] the aperture
anct filling ttic c}mkcs. This is LO prevent Martian dust front cr]tcrirlg  the horr).
T}IC relative pcrmittivil,y  of i,hc dielectric rnatcl ial used is 1.07.

l’tm corrcspondir)g  two rtirncnsiorla]  rnodcllir)g  dornairl, dlpictcd in h’ig. 4,
c l e a r l y  simws w}lcrc t}lc lrl’;M/MoM  arlrl the l’RM/rrlodal  twurldary  surfaccxi
arc located, ‘1’}]is rcgio:l was Incs}Icd usinc  ap])roxirnatciy  3fi liIwar rlodm per
wavclct@h  at t}lc hig}lest frequency of sirnula(  ion, 8.6 (;1174,  iirl(i  8 wavcguiric
Irmdcs  of azirnut})al  irldcx, n = 1, were al lowed to cxisl  at L}W 1~1’IM/rnodal
intcrfacc.  It is noted t}lat this choice of mesh der~sity  and nmdal  corlte~)t  yields a
highly convcrgcd solutiol]  as a lncsh of 2’5 norlcx pcr wavclcrl~;l}l and 4 wavcguidc
modes yielded identical far field radiation pat Lcrr]s arid reflection cocf!i cicnts
that dift’crcd  by orlly 0.3 d]] at the -20 dIl lCVC1. A rriatrix of order N = 5073
results.

l’ig. 5 shows the calculated and n masurcd rcflccliori cocflicicnt  over a band
of frcquc~leics  cxtcnrting  from 7.0 GIIz to 8.6 GIIz. ‘1’}]c  rr]ci~s(]rcd cocflicicnt
W:LS not tirnc gatcd  and thus includes the cornl,  incd cfrccls of a reflection due to
the hor]l wit}l a rcflccticm duc to a polarizer uwcd to trarlsitiol)  frc~rn  rectangular
to circular wavcguidc.  ‘J’ilc po)arizcr  is, }Iowcvcr, lJaccd far c]iougll hchirld  t}lc
hack of the }mrn such t}lat the cvancscant  higher order rnodcs gcllcratcd  do nc)t
couple into arid t}lrou.rjl t}ic horn. F’ip,s.  6 ar]{l  7 show t}w  [iir  field patterns at
7.175 CIIZ and 8.425 GIIz. (;ood  agrcc]ncnt  rllay be stated.

The  method is now applied to t}w wide bafld horn antrmlla  sl]own in Fig. 8.
This horn was dcsigrlcd hy 1 ‘hi]ip St a~~ton of the .lct 1’1 c)pulsion I,aboratcwy  to
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operate frmn 5.5- 10.0 (;lIY, IL features corrugations to equalize t}ic 1> and 11-
planc  ~mtt,crns a~]d a dielectric surface wave clc~~lt:nt for frcqucrlcy irlde~)crldcnt
bcanlwidth  over the whole bar]d. To obtain a p,ood  rnatcil,  tile corrugations
were ring-loaded at the back-cnld of the horrl, ta~)crcd th]ougll  I}IC nlid-section,
therl flanged at the aJmrturc.  ‘1’hc computational domain for this horn is shown
irl l)ig. 9. Note t}lat the ]:ltM/rnoda}  boundary  is placed just }mhirld the back
of the surface wave clcmcllt  irlhornogcncily.

‘J’}ic  }mn w a s  Sirnulatcd  or)cc w i th  I, Cl’ e x c i t a t i o n  (71 = - 1) t}lcn again
with l{(; l) excitation (n = 1). The results from these  two runs were cornbincd
to g;crlcratc  the linear }> and II-plane I)atterns  s}]own.  For these simulations,
t}lc{:c)rr]~j~lt:itional  dornairl  wasrncshcd at a linear density  ofa}t1]roxirnrrtcly31
nodes l)cr wavelength at the highest frcqlwr]cy of simulat,iorl  Lhus giving rise to
a systcnl  ~natrix of order hl z 37,427. Agairl, it is noted that t}lis }li~h mesh
cfcrlsity  was c}loscn ill order to F,uararltcc  t}lat LIW solut.iorl  oblairlcd  }Ias already
corlvcrgcd.

Y’ig. 10 shows the rncasurcd  rdfcc(,io~l  coefficient over L}IC w}mlc  band and
tllc crrlrmlatcd  value at a discrcct  sot of frcqucr)tim. ‘1’hc nlcasurcd  cocflicicnt
WM tirnc gatcd  to remove a  rcficctiorl fmrn th~. orthornodc  jullctiorl  used to
transition from coax to wavcguicfc.  Alt}]ou~;h tl]is junciion  dots cxcitc  higher
order rlmdcs, these cvarlcscert  modes do not  COUIIIC into and tllrou~}l the }lorn
a-s this discontinuity is located f:ir bchirld  the track of t}]c horrl,  l~ig. 11 shows
the far field pattcrr)  at 8.2 GIIz. h’ar field patt~!r-ns  at other frcqilcncies  over
the harld rdso show good a~rccrr]rmt. }Jor  com})arisorr, l)ig. 12 shows the far
field Imttcrr] of the horr) without dielectric surface wave clcmlcrlt at the sarnc
frcqucrlcy,  S.2G11z. Notcthatt}lc 13- arldll-plallc pattcr[w  arc~lot  coincidcntat
w}lml t}lc surfrrcc-wave clcrrlcrlt is absent.

AI’}>  I: NI)IX

q’})cficldsin  the wavcguidc arcwrittcn  as:

(14)
p- 1

w}lcrc [~, (bP) arc the cxp:ulsion  cocfTicicrlts  for the forward (backward) rnodcs
in the guide. The  trarlsvcrsc  rrlodc vectors in collations (13) and (14) arcgivcn
hy
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(15)

(16)

(17)

(18)

WIICIC  a is the wavcguicfc radius  and

l’hcsc  vcctmrs arc ncar]y identical to t}]c standald set given i]) Marcuvitx  [1]]
but difrcr in three inl~mrtant  respects. l~irst, thcstc rrmdc vectors :irc written as
harmonics of the azirrlut}la] ang]c, q+. Second, the choice of ~)}]asc ori the mode
vectors is rwt arbitrary. in order to gcncr ate a syrllrnctric  systcrri IIlatrix (8), t}lc
.2 (p) coInpoIl(!Ilts  of c!y~; must he purely real (inlagin:iry)  for bot}l ~Jropagating
and cvancscar]t  rr)odcs. ‘J’}lis point is cx~)laincd in [7] arid }M.S  to do with tlw
choice of Flnitc c]crncnt basis frrnctioll.  q’bird, thcw xnodc vectors satisfy power
ort}n rlc)rrrl:llix:itic)rl:

J {
(5rnn, for propagating rnodcs

c?n, x h;, d.f’ = –j6mn, for cvan~cilrlt  TM mode< .
s jlfi,,,n , for cvancscant  TE mocks

This norrr)alixatiori is cor)vcnicnt for S p:irarm!tcr calculatiorls.
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Figure Titlm

1(’ig. 1.

I’ig. 2.

h’ig. 3.

Fig. 4.

Fig. 5.

IJig. 6.

l:ig. 7.

l:ig. 8.

l:ig. 9.

Ccncric  axisymmctric  }lor]l.

(;cJT1llJlltatiorlal  clo]nain for lmrn slmwn  in Figure 1.

}’at})firldcr  s~mcccraft  low gain }mrrl antcrlrla (1 ,(;A).

Computational dor[min for l)athfindcr  I, CA.

Measured and crdculatcd  reflection cocflicicnt  for l’at}lfil Idcr 1,C A.

l’athfindcr  l,CA far field pattern at f ❑ = 7.175 C;IIZ.

]’athfindcr  l,CA  far Ikld  pattern at f == 8.425 (;IIz.

l’rirlm focus feed }Iorrl  (1’1’1)) wit}] coaxial surface wave t:lcrncr]t  (SW1?)

Corr]~)t]ttiLiorl:\]  doruail)  for ]’}’]:  horn.

l~ig. 10. Measured aTId  calculated reflection cocflicicnt  for l’l~lr }iorn with SWIt.

h’ig. 11. k’ar fic]d ~mttcrll for l’1’1~  hor-rl with SWI;  :Lt, f =, 8.2  (;] ]z.

l~ig. 12. Far field ~mt,t,crn for I’I’IJ  hr)rrl  without SWE at f ,- 8.? CIIZ.



Figure 1. Generic horn with axial symmetry
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Figure 2. Cc)mputational  domain for horn shown in Fig. 1.





~ Axis of Rotation

[

.—— .

.—-— _

-’=-

+--- FEM/MoM
Boundary

\ FEM/Modal
Boundary



F?; oft 5, - “cwplcw pf



,----- —

k//////

. -j.––-.--__.  L_. -

zJ“;//// . ..<..

;.. .
,
,’

m o m o u) o
1 1- r- N

I 1 I

o
m

a
m

o
m

o

0
C’9

I

o
m

I

o
I

a)

m
c
03



E
L
a)

n

/

/
/

/
/

/
/

5\ \ \ \ \ \ \ \

/???
/

. .
\

\

\
\
\

\
\

H,-

.

1

1
1

1
1

.

.

0
m

0
m

0
C9

0

0
C9

I

0
u)

I

0
m

m 0 m 0 u) 0 ’
1 1- T- OI

I I I



,1

1’
‘1

;,
I
,,

i,



~ Axis of Rotation

r
I

—r---
-L---- 1

—-

4--——

FEM/MoM
Boundary

\  FEM/Modal
Boundary



■  ✍

L

0

u
a.)
L

m ‘“”””;””””
0.);

% “ ‘“”” “~” ““””

. . . . . . . z ‘m

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 0 0
Y N m K?’ lr’j

I I I I t

0“
m

I

(ap) “s



.

*.

PFF horn:
far-field patterns at f ❑ 8.2 GHz

o I/

.

-F

. . . . . . . . . . .:..

;.

;.

>.- -30w
.;.. . . ...1....

v

H calculated H measured : ~
measured , ~ ~:-_J  _- E calculated ----- E

-50
-90 -60 -30 0 30 60 90

angle



‘&

(a

f

6
i

,/ ~

/

Y. \ .. . . . . .  .x.  .

\.

——

_.,___ ---- – ----
.

.

.{ . . . . . . . . . . . . .

. . . . . . . . . .

_ __.. __i_-.–_ -—----

o 0
F

I

(aP)

. . .

.

Xw
I

1

-t

1

I

0 CD 0
64 m Qa

I t 1

o
u)

o
C9

a)

m

o
m

I

o
to

1

0
a)

o ’
m

I


